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Abstract. In this paper we will give a computation of the etale fundamental 
group of an integral arithmetic scheme. For such a scheme, we will prove that 
the etale fundamental group is naturally isomorphic to the Galois group of 
the maximal formally unramified extension over the function field. It consists 
of the main theorem of the paper. Here, formally unramified will be proved 
to be arithmetically unramified which is defined in an evident manner and 
coincides with that in algebraic number theory. Hence, formally unramified 
has an arithmetic sense. At the same time, such a computation coincides with 
the known result for a normal noetherian scheme. 
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Introduction 

In this paper we will give a computation of the etale fundamental group of an 
arithmetic variety, i.e., an integral arithmetic scheme surjectively over Spec{'L) of 
finite type. 

Let X be an arithmetic variety. It will be proved that the etale fundamental 
group 7rf (X, s) is isomorphic to the Galois group Gal{k{X)^^ /k{X)) of the max- 
imal formally unramified extension of the function field k{X) in a natural 
manner. See the main theorem of the paper. 

Such a computation of the etale fundamental group coincides with the known 
result on a normal noetherian scheme (for instance, see [51 [TTl [T^ [T5] ) . 

In particular, we will prove that the maximal formally unramified extension 
is equal to the maximal arithmetically unramified extension fc(X)'^". 

Here, arithmetically unramified, which is defined in an evident manner (see §5), 
coincides with that in algebraic number theory and has many arithmetic operations 
and properties. Hence, the maximal formally unramified extension is exactly of an 
arithmetic sense. 
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At the same time, the arithmeticahy umamified is more accessible to operations. 
Naturally, the arithmetically unramified can serve as a computation of the etale 
fundamental group of an arithmetic variety. 

For instance, as an immediate application, take a finite number of variables 
ti,t2,--- ,tn over Q. It is proved that Q(ii,i2,'-' ,^n) has a trivial maximal 
arithmetically unramified extension (see [7]). Therefore, the arithmetic variety 
Spec{7\ti,t2, ■ ■ ■ , in] has a trivial etale fundamental group (see Example 1.8), i.e., 

Trf {SpeciZ[hMr-- ,M)) = {0}. 

1. Statement of the Main Theorem 

1.1. Notations. In this paper, an arithmetic variety is an integral scheme that 
is surjectively over Spec (Z) of finite type. 

For an integral scheme Y, let k{Y) = Oy,(_ be the function field of Y, where ^ is 
the generic point of Y. Denote by irf (Y, s) the etale fundamental group of Y over 
a geometric point s of K over a given algebraic closure of the function field k{Y). 
Sometimes, we write irf {Y) — ttJ* (Y, s) for brevity. 

Let Gal{L/K) denote the Galois group of an extension i of a field K. 

1.2. Formally unramified. Fixed an arithmetic variety X. Let ft be an algebraic 
closure of the function field k{X) and the geometric point of X over fl such that 
s^{Spec{Q)) is the generic point S_ of X. 

Put 

• [X;H]^^ = the set of the equivalence classes of pointed covers {Y,sy) of 
{X, sj) such that Y is an irreducible finite etale Galois cover of X and sy 
is a geometric point of Y over s^. Here, two such covers (Y, sy), {Z, sz) of 
{X, s^) are equivalent if there is an isomorphism f oiY onto Z over X with 
f{sy) = Sz- 

For finite etale Galois covers, see §6.1 below in the paper or see pi [TTl [T51 [T5] . 
For brevity, denote by Y or (F, sy) for an equivalence class of the pointed cover 
(F, Sy) that is contained in [X; 17] ^j. 
For any e [X;r2]gj, we say 

Xa < Xp 

if and only if Xp is a finite etale Galois cover over Xa- Then [X] il]^^ is a directed 
set with the partial order <. 
Set 

• k{X; rj)"" = lim^^^(^^,,j_^^ \z{k{Z)), i.e., fc(X; fl)™ is the direct limit of the 
direct system of fields k{Z) indexed by [X\ where each \z : k{Z) D, 
is the fc(X) -embedding of fields. 

The subfield k{X\ 51)"" of Q, is said to be the maximal formally unramified 
extension of the arithmetic variety X (or of the function field k{X)) in 17. 
It is seen that k{X\ il)"" is well-defined since all the fc(X)-embeddings 

\z ■- k{z) n 

are compatible in a natural manner. Moreover, k{X; il)"" is an algebraic Galois 
extension of the field k{X)- 
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In deed, it will also be seen that the maximal formally unramified extension 
is exactly of an arithmetic sense that coincide with algebraic number theory (see 
§§1.4, 5.2 for details; see [71[5] for further results). 

1.3. Statement of the main theorem. Now we give a computation of the etale 
fundamental group of an arithmetic variety, which is the main theorem of the paper. 

Theorem 1.1. For an arithmetic variety X , the etale fundamental group ttJ* (X, s) 
is naturally isomorphic to the Galois group of the maximal arithmetically unramified 
extension k{X; 17)"" over the function field k{X). 
That is, there is an isomorphism 

Trf (X, s) ^ Gal {k{X; l])™/fc {X)) 

between groups in a natural manner. 

Here, s is a geometric point of X over an algebraic closure D, of the function 
field k{X). 

Remark 1.2. Such a computation above coincides with the known results on etale 
fundamental groups of normal connected schemes (e.g., see [5} [9| fTT | fTS l fT8 ] ) . 

We will prove Theorem 1.1 in §6 after we make preparations in §§2-5. 

1.4. Concluding Remarks. There are the following remarks as a conclusion of 
the section. 

Remark 1.3. The etale fundamental groups of arithmetic varieties are a birational 
invariant. In deed, let X and Y be two arithmetic varieties such that the function 
fields k{X) = k{Y) are isomorphic. Then there is a natural isomorphism 

< (X)-< (F) 

between the etale fundamental groups. 

Remark 1.4. Fixed an arithmetic variety X and an algebraic closure Q. of k{X). 
Let fc(X, il)"" be the the maximal arithmetically unramified extension of k{X) in 
f2 (see §5 for detail). It is seen that 

fc(X;r2)''" = k{X;9.y 

holds, i.e., for the field fc(X), the maximal formally unramified extension is equal 
to the maximal arithmetically unramified extension that is given in an arithmetic 
manner (see Lemma 5.9). Hence, the formally unramified extension fc(X;fi)"" has 
a sense of arithmetics. 

Remark 1.5. In [3] we also give a computation of the etale fundamental group of 
an algebraic scheme by virtue of algebraic unramified extensions over the function 
field. In deed, let Z be an integral algebraic scheme Z over a field K of finite type. 
It is seen that the etale fundamental group ■k\^{Z, s) is naturally isomorphic to the 
Galois group of the maximal algebraically unramified extension over the function 
field k{Z). However, the algebraically unramified and the arithmetically unramified 
are very different from each other. In particular, the algebraically unramified is 
different from that in algebraic number theory. 
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Remark 1.6. Let X be an arithmetic variety and let Ok(x) be the ring of algebraic 
integers in the field k{X) (see §5 for detail). There is an isomorphism 

Trf {X)^^f (SpeciOkix))) 

in a natural manner. Hence, to compute ttJ* (X), canonically it reduces to find the 
etale fundamental group of the affine scheme Spec{Ok^x))- 

Remark 1.7. Let X be an arithmetic variety. Put L = k{X). Then there are 
isomorphisms 

Trf {X) ^ Gal{L''''/L) = Gal{L"''/L) 
of groups in canonical manner from Theorem 1.1, Remarks 1.4, 5.10. 

At the end of the section, as an application of the main theorem in the paper, we 
give a computation of the etale fundamental group of the ring of algebraic integers 
in a purely transcendental extension over Q. 

Example 1.8. Let ti,t2, ■ ■ ■ be variables over Q. Then 

< (5pec(Z[ii,i2,--- = {0} 

since 

holds (see [7]). 

2. Preliminaries 

In the following we will fix notations and terminology which will be used to prove 
the main theorem of the paper. 

2.1. Notations. In the remainder of the paper, by an integral variety we will 
understand a finite-dimensional integral scheme that is surjectively over Spec{Z). 

Define (or L) = an algebraical closure of a field L; Fr{D) = the field of 
fractions of an integral domain D. 

Let f : X he a. morphism of integral schemes. Denote by : k{Y) k{X) 
the homomorphism of the function fields given by /; put Aut {X/Y) = the group 
of automorphisms of X over Y . 

Let j4 be a commutative ring. Set 

• jx{A-) (or ix) = the prime ideal of A corresponding to a point x G Spec{A). 

2.2. Essentially afRne schemes. Let X be a scheme. An affine covering of X 

is a family 

Cx — {(C^Q, ^Q)}aGA 

where for each a G A, 0^ is an isomorphism from an open set Ua of X onto the 
spectrum Spec Aa of a commutative ring Aa. Each ([/„, (/)q,; Aq) G Cx is called a 
local chart. For brevity, a local chart {Ua, (f>a', Aa) will sometimes be denoted by 

Ua or {Ua,(f>a)- 

An affine covering Cx of {X,Ox) is said to be reduced if [/„ 7^ Up holds for 
any a 7^ /3 in A. 

Let £omm be the category of commutative rings with identity. For a given field ft, 
let £omm(r2) be the category consisting of the subrings of and their isomorphisms. 
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Definition 2.1. Let Commo be a subcategory of Comm. An affine covering of X, 
namely {(C/q, (j)a', Aa)}aeA, is said to be with values in £ommo if for each a G A, 
there are the properties: 

Ox(C/a) - 

Ua = Spec{Aa), 

where each Aa is a ring contained in £ommo. 

In particular, an affine covering Cx of X with values in £omm(r2) is said to be 
vifith values in the field ft. 

Definition 2.2. An integral scheme X is said to be essentially affine in a field 
fl if for every affine open set U oi X there are the properties: 

Ox{U)cn; 
U = Spec{Ox{U)). 

Here we give such a fact that every integral variety X is isomorphic to an integral 
variety Z that is essentially affine in the field k{X). 

Lemma 2.3. For any integral variety X , there is an integral variety Z satisfying 
the properties: 

• k{X) = k{Z); 

• X Z are isomorphic schemes; 

• Z is essentially affine in the field k{Z). 

Such an integral variety Z is called an essentially affine realization of X. 

Proof. Fixed an afiine open set U olY . Let 

(j)U ■■ {U,Ox\u) {Spec{Au),Ospec(Au)) 

be an isomorphism of schemes. We have ring isomorphisms 

cj,\j:Au^Ox{U)- 

IX ■■ Ox{U)^Bu C k{X). 
The composite of ring isomorphisms 

tu = "ix ° (t^u ■ Au ^ Bu 

induces an isomorphism 

Tu : {Spec{Au),Ospec(Au)) {Spec{Bu),Ospec(Bu)) 

between affine schemes. Put 

IpU ^ Tu O (f)jj. 

Then there is a new scheme Z obtained by gluing all such affine schemes 

{Spec{Bu),Ospec(Bu)) 

along 7/1(7 for every affine open set U oi X (see [lOl [121 IE])- It is seen that the 
scheme Z has the desired properties. □ 
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2.3. Afflne points in a field. The affinc points in a field will be applied to a 
universal construction of a Galois cover of an integral variety in §4. Let ^ be an 
arbitrary field. 

Definition 2.4. By an affine ^'-point (or affine point in ^) we understand a 
point contained in the underlying space of an affine scheme Spec{A) for a subring 
A of the field * such that Fr{A) = 

Denote by [^']ap the set of all affine points in the field 4'. 

In general, it is not true that there is an affine scheme that has [4']ap as the 
underlying space. 

Definition 2.5. Let x,y € ['^]ap be two affine points. 

(i) X and y are 'I'-equal if there is a subring A of the field such that 

• Fr{A) = 

• x,y (z Spec{A); 

• jx{A) — jy{A) holds as prime ideals in A. 

(ii) X and y are vp-equivalent if there are a tower of subrings A C B C 
satisfying the properties: 

• Fr{A) = Fr{B) = 

• X € Spec{A), y e Spec{B); 

• jx{A) = PA^Bijyi^)) holds as prime ideals in A, 
where pa.b ■ A ^ B is the inclusion map. 

It is clear that affine ^f-points that are ^t-equal are ^'-equivalent. 

2.4. Function fields and invariant subrings. Let X be an integral variety with 
generic point ^. Recall that for the function field k{X), there is a natural inclusion 

ix ■■ Ox{U)^k{X)^Ox..i 
of rings for each open set U in X , i.e., 

k{X) = {ix{x) e k{X) : x G Ox{U), U is open in X}. 
Furthermore, k{X) is isomorphic onto the field 

RatiX) = {[[/,/] : / e OxiU),U is open in X}, 

where [U, f] denotes the germ of (U, f) (see [lOl [H [13] ) . 

For brevity, we will always identify k(X), ([/, /), and ix{x) G k(X) with Rat{X), 
[U, /], and X G Ox{U), respectively. 

Each automorphism a = {a, cr") of X gives an automorphism 

a« ^ a» : Ox,? ^ Ox^i 

of the function field k{X). 

For an open set U in X and a subgroup G C Aut{X/Y), put 

• Ox^{U) = the subring of all x G Ox{U) such that a^iixix)) = ix{x) 
holds for every a € G. 
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2.5. Galois covers. Let / : X — > F be a surjective morphism of integral schemes. 
Note that here / is not necessarily of finite type. 

Definition 2.6. X is Galois over y by / if the two conditions are satisfied: 

• k{X) is naturally Galois over k{Y) by /; 

• Aut{X/Y) = Gal(k{X) I k(Y)) are isomorphic in a natural manner. 

Let D C Di n -D2 be three integral domains contained in a field Vt. The ring Di 
is said to be a conjugation of D2 over D if there is a fc-isomorphism 

T : Fr{D^) ^ Fr{D2) 

between fields such that t{Di) = D2, where k = Fr{D). 

Definition 2.7. X is locally quasi-galois over F by / if the below condition is 
satisfied: 

For any affine open subsets V C Y and U C f~^{V), the ring 
OxiU) is contained in a common algebraic closure ft of k{X) and 
there is one and only one conjugation of OxiU) over the ring 

PiiYiOyiV))). 

Definition 2.8. A reduced afiine covering Cx of X with values in an algebraic 
closure J7 of k{X) is said to be quasi-galois closed over Y by / if there is a local 
chart {U'^,(t)'„; A'J G Cx such that i/^ C ip-^{Va) and Ha = A'^ hold for 

• any ([/«, ^a) £ Cx] 

• any afiine open set Va in Y with Ua Q f^^{Va), 

• any conjugation Ha of Aa over Ba = /''(iy(C'y (Vq))). 

Definition 2.9. X is quasi-galois closed (or qc for short) over F by / if there 
is a reduced affine covering Cx of X with values in an algebraic closure fl of k{X) 
such that Cx is quasi-galois closed over Y by /. 

Definition 2.10. X is locally complete over y by / if for every automorphism 

p e Gal{k{X)/f*{k{Y))) and every affine open sets V C Y and U C f-'^{V), 
there is an affine open set W C f~^{V) and an isomorphism p : Ox{U) — ?• OxiW) 
between algebras over f'^{OY{y)) such that p is induced from p in a natural manner. 

Immediately, by definitions we have 

locally quasi-galois locally complete; 

quasi-galois closed =^> locally complete. 

On the other hand, from Step 4 in §3.3 it is seen that the above condition local 
completeness is automatically satisfied for integral affine schemes and for integral 
normal schemes. 



3. A Criterion of Galois Covers 

In this section we will give a criterion of Galois covers of integral varieties, which 

is one of the key points for us to compute the ctalc fundamental group of an 
arithmetic variety in the paper. In §4 by such a result we will prove that there is a 
universal Galois cover for the etale fundamental group. 
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3.1. A criterion of Galois covers. The following theorem gives a criterion of 
Galois covers for integral varieties, which will be frequently used in the paper. 

Theorem 3.1. Let X and Y be integral varieties. Suppose that (j) : X ^ Y is a 
surjective morphism of schemes such that X is locally complete over Y and k (X) is 
canonically an algebraic Galois extension over k {Y) by (j). Then there is a natural 
isomorphism 

Ant {X/Y) ^ Gal {k (X) /k {Y)) 
between groups. In particular, X is a Galois cover ofY. 

Remark 3.2. The conclusion of Theorem 3.1 can be regarded as a generalization 
of several well-known related results in [9l [HI [161 (13 dH] for the case of integral 
varieties since the structure morphism <j) here is not necessarily of finite type. 

3.2. Applications of the criterion. Let X and Y be integral varieties of the 
same dimension. Let / : X — > y be a surjective morphism. 

Lemma 3.3. Assume that X is locally quasi-galois over Y by f. Then X is qc 
over Y . 

Proof. It is immediate from definition. □ 

Lemma 3.4. Let X be qc over Y by f. Then the function field k (X) is canonically 
Galois over f{Y); moreover, X is Galois over Y by f . 

Proof. It is immediate from Theorem 3.1. □ 

Lemma 3.5. Suppose that for any affine open set V ofY , the set f~^(V) is affine 
open mX and the rm^ /«(jy (Oy (F))) is equal to ix{Ox'^"*''^^^\f^^{V))). Then 
X is Galois over Y by f . 

Proof. It is immediate from Lemmas 3.4-5. □ 
Lemmas 3.3-5 will be used in the following section. 

3.3. Proof of Theorem 3.1. Now we prove Theorem 3.1. 

Proof. (Proof of Theorem 3.1) The process of the proof here is based on a trick 
originally in [Tj and a refinement in [6]. 

Without loss of generality, by Lemma 2.3 suppose that X and Y are essentially 
affine in the function fields and k{Y^, respectively. 

Here, the function field k{X) will be taken as the set of elements of the form 
(f/, /). We will identify the function field k{Y) with the subfield (k {Y)) of k[X). 

In the following we will proceed in several steps to prove that there is a group 
isomorphism 

Aut (XjY) Gal (k (X) /k (F)) . 
Step 1. Construct a map 

t : Aut (X/Y) Gal (fc (X) /k (Y)) 

between sets. 

In fact, given an automorphism 

a= (cr,CT') e Aut k (X/Y), 

i.e., 

a:X — > X 
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is a homeomorphism; 

:Ox^ <J*Ox 

is an isomorphism of sheaves of rings on X. 
Let 5 be the generic point of X . We have 

^(0 = 

it follows that 

a« ■.k{X) = Ox4 (T*Ox,i = k {X) 
is an automorphism of k{X). 

Denote by cr'"^ the inverse of the ring isomorphism 

J : k{X) k{X). 
Take any open subset U oi X. We have the restriction 

C7 = (<7,C7«) : {U,Ox\u) {<j{U),OxUu)) 
of open subschemes. That is, 

f^" : OxUu)^<y*Ox\u 

is an isomorphism of sheaves on (j{U). In particular, 

a» : Ox{cj{U)) = Ox^uMU)) ^ Ox{U) = a,Ox\u{(^{U)) 

is an isomorphism of rings. 

For every / G Ox\u{U), we have 

f ea.Ox\u{<j{U)); 

hence 

(T^-\f)eOx{<j{U)). 

Now we have a map 

t : Autk {X/Y) — > Gal{k {X) /k{Y)) 

between sets given by 
such that 

: {U, f) e Ox{U) ^ (/)) G OxHU)) 

is a mapping of k{X) into k{X). 
Step 2. Prove that the map 

t : Aut [X/Y) — > Gal {k {X) /k {Y)) 

is a homomorphism between groups. 
In deed, given any 

CT= G Aut {X/Y). 

For any {U,f), {V,g) G k{X), we have 

{U,f)-{V,g)^{UnV,f-g); 
{UJ) + {V,g) = {UnV,f + g). 

Then 

(a, (([/, /) + {V, g)) = (a, J-') {{U, /)) + (a, a^-') {{V, g)). 
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Hence, (c, cr" ^) is an automorphism oi k (X) . 

It needs to prove that (cr, cr"^^) is an automorphism over k{Y). Consider the 
given structure morphism 

0-(</),^«):(X,Ox)^(r,Oy) 

between schemes. As (f>{^) is the generic point of Y and ^ is invariant under any 
automorphism a G Aut (X/Y), it is seen that ct" : Ox,(, ^x,^ is an isomorphism 
of algebras over the subalgebra 

k{Y) ^ cl^HkiY)) = c^HOy.m)^ 

i.e., 

(a, cr"""^) |0«(fc(y)) = id^t(k(Y))- 

Hence, 

t{a) = (ct, (7«-i) e Ga/ (fc (X) /k [Y]) . 

This also proves that t is well-defined as a map between sets. 
On the other hand, take any two automorphisms 

a = (a, cr") , (5 = ((5, 5«) e Aut [X/Y) . 

We have 

^«-ioa«-i = (,5oa)«-i 
according to preliminary facts on morphisms of schemes (see [TUl [T^ 
Then 

((5, <5«-i) o (a, = (<5 o a, (5«-i o a«-i) . 

Hence, 

t : Aut {X/Y) -> Gal (k (X) /k (Y)) 
is a homomorphism of groups. 
Step 3. Prove that 

t : Aut (X/Y) — > Gal {k {X) /k {Y)) 

is an injective homomorphism. 

In deed, take any two automorphisms cr, a' £ Aut {X/Y) such that 

t{a)^t{a'). 

We have 

for each element ([/, f) & k (X) . In particular, 

(a(t/o),a»-i(/)) = (a'(L/o),a'«-i(/)) 

holds for any / G C'x(C^) and any affine open subset Uq of X. 
It is seen that there are three rings 

Ao = Ox{Uo); 

Bo = Ox{<y{Uo)); 
Bo' ^Ox{<y'{Uo)), 
as subrings of k{X), satisfying the property 

Bo = J-\Ao) ^ a'i-\Ao) ^ B'o. 

Then 
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holds as isomorphisms of schemes in virtue of prehminary facts on morphisms of 
afBnc schemes (see [TO l [T2l fT3] ). 

Let Uq run through all afhne open sets of X. We must have 

on the whole of X. This proves that t is an injection. 
Step 4. Prove that 

t : Aut {X/Y) — > Gal {k {X) jk {¥)) 

is a surjective homomorphism. 

In fact, fixed an automorphism p G Gal [k {X) jk {Y)). As 

k{X) = {(C/j.,/) : / e Ox{Vf) and C// C X is open}, 

we have 

P : (C//, /) e fc (X) ^ (c/p(/), p (/)) e k {X) 

according to Proposition 1.44 of iilSj, where Uf and J7p(/) are open sets in X, f is 
contained in Ox{Uf), and p{f) is contained in Ox{Up[f)). 

We will proceed in several sub-steps to prove that for each element 

p e Gal {k {X) /k (¥)) 

there is a unique element 

A e Aut{X/Y) 

such that 

t(A) - p. 

Substep 4-a. Fixed any affine open set V of Y. Show that for each affine open 
set U C (j>~^{V) there is an affine open set Up in X such that p determines an 
isomorphism between affine schemes {U,Ox\u) and {Up,Ox\up)- 

In fact, take any afhne open sets V CY and U C (j)^^{V). We have 

A = Ox{U) - {([//, f )ek {X) : D U}. 

Put 

i? = {(C/p(/),p(/)) Gfc(X) :([//,/)€ A}. 

Then there exists an afhne open set W C (j)^^[V) and an isomorphism 

P = p\a:A^B^Ox{W) 

such that p induces naturally from p according to the assumption that X is locally 
complete over Y . Write Up = W . 

Therefore, by p we have a unique isomorphism 

\u = [\u,\\j) ■■ iU,Ox\u) ^ {Up,Ox\u,) 
of the affine open subscheme in X such that 

p\o.iu)=>^l' --Oxm^OxiUp). 
Substep 4-b. Take any affine open sets V CY and U, U' C (p^^[V). Show that 

^u\unu' — ^U'\ur\U' 
holds as morphisms of schemes. 
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In fact, by the above construction in Substep 4-o,, for each Xjj it is seen that Xfj 
and Xfj, coincide restricted to the intersection U DU' a.s homomorphisms of rings 
since we have 

p\o.(unu') = Xufunw -OxiUn U') ^ Ox{{U n C/'),); 

p\o.(unu') = >^u't^u' --Oxiun u') ^ Ox{{u n c/'),). 

On the other hand, for any point a; G ?7 H C/', we must have 

Xu{x) = Xu'{x). 

Otherwise, if Xu{x) ^ Xu'{x), will have an afSne open subset Xq of X that 
contains either of the points Xjj (x) and Xw (x) but does not contain the other 
since the underlying space of X is a Kolmogorov space (see [TOl [121 IE])- Assume 
Xu{x) S Xq and Xu'{x) ^ Xq. We choose an affine open subset Uq of X such that 
X £ Uq 'Z U CiU' and Xu{Uo) C Xq since we have 

Xuiunu')^iunu')pCUp; 
Xu'iunu') = (c/nc/')p c [/;. 

However, for each Xu, we have 

^uiUQ) = {UQ)p = Xu'{UQy, 

then 

Xu'{x) E {Uq)p<ZXq, 
where there will be a contradiction. 

Hence, Xu and Xu> coincide on [/ n [/' as mappings of topological spaces. 

Substep 4-c. By gluing the Xu along all such affine open subsets U , we have a 
homeomorphism A of X onto X as a topological space given by 

X: X E X ^ Xu{x) e X 

where x belongs to U and U is an affine open subset of X . We have 

= ^u- 

By Substep4-b it is seen that A is well-defined. Then we have an automorphism, 
namely A, of the scheme {X,Ox) (see [TOl [H US] ) ■ 

Substep 4-d. Show that A is contained in Aut (X/Y) satisfying 

tiX)^p. 

In deed, as p is an isomorphism of k{X) over k{Y), the isomorphism Xu is over 
y by ^ for any affine open subset U of X; then A is an automorphism of X over Y 
by (j) such that 

tiX)^p. 

This proves that for each p e Gal{k{X) /k{Y)), there exists A e Aut {X/Y) 
such that 

t(A) = p. 

Hence, t is surjective. 

Therefore, by Steps 1-4 above, it is seen that there is a group isomorphism 

t : Aut (X/Y) — > Gal {k {X) /k {Y)) 

by 

a = (a,(7«)^i(a) = (a,(7«-i), 
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where (cr, cr' ^) is the map of k{X) into k{X) given by 

([/, /) e Ox{U) Ck{X)^ {a {U) , a«-i (/)) e (a(t/)) C k {X) 

for any open set U m X and any element / e Ox{U). 

This completes the proof. □ 

4. The Calculus and Construction of Galois Covers 

In this section we will give a universal construction of Galois covers over a given 
integral variety. For an arithmetic variety X, in general, we will have many distinct 
Galois covers X^t over X for the etale fundamental group Trf*{X; s) such that each 
Xet is a realization for the group 7rf*(X;s), i.e., there will be isomorphisms 

fc(Xet) = fc(X;Q)""; 
Ga?(A:(X;f2)""/A;(X)) ^ Aut{X^t/X) 
both in a natural manner. 

Furthermore, all these Galois covers Xgt of X can have the same function fields 
/c(X;r2)"" but can not be isomorphic as schemes. In other words, for any such 
Galois covers X^t and X'^^ over X, wc have 

Aut{Xet/X) ^ Aut{X'JX). 

4.1. Calculus and existence of Galois covers. Here we give the existence of 
Galois covers of an integral variety such that the Galois covers can be prescribed 
by any given Galois extensions of the function field. 

Theorem 4.1. For a field L and an integral variety Y such that L is an algebraic 
Galois extension ofkiY), there exists an integral variety Xl and an affine surjective 
morphism /l ■ Xl -^Y satisfying the properties: 

• L = k{XL); 

• Xl is essentially affine in L; 

• Xl is Galois over Y by fL; 

• Xl is locally quasi-galois over Y by fL,' 

• Aut{XL/Y) acts on the fiber f£^{y) transitively for any y G Y; 

• For any affine open set V of Y, there is an isomorphism 

OY{V)^Ox,^''*^''''/''\fE\V)) 
of groups in a natural manner. 

The above integral variety Xl with a morphism fL, denoted by {XL,fL), will 
be called a Galois cover of F in a field L. 

Now consider the calculus of Galois covers of an integral variety. 

Definition 4.2. Let Y be an integral variety and let L be an algebraic Galois 

extension of k{Y). Put 

• T,[L/Y] = the collection of all the sets A of generators of L over k{Y) such 
that A C i\fc(y); 

• Y[A] = the integral variety X, a Galois cover of y in L, obtained by adding 
a set A = A{L/k{Y)) G to an essentially affine realization of Y in 
the universal construction of Galois covers in §4.2 below. 
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It is clear that Y[A] has aU the properties in Theorem 4-1 above. 

Remark 4.3. Fixed an integral variety Y and a Galois extension L of k{Y). There 
are the following statements. 

• Different sets A g S[L/Y'] can produce different Galois covers Y[A] of Y 
in L. In general, it is not true that Y[A] and ^[A'] are isomorphic over Y 
for any A, A' e 

• There is a biggest Galois cover y[Ami„] of Y in L, called sp-complete, 
which contains all possible points in the underlying space. For instance, 
take a minimal element A^m of E[L/y]. 

• There is a smallest Galois cover y[Amoa;] of F in L, which has the same 
underlying space as Y. For instance, take a maximal element A,nax of 

nL/Y]. 

Proposition 4.4. Let Z be an integral variety and L an algebraic Galois extension 
of k{Z). Then for any A, A' G Y.[L/Z], there is an isomorphism 

Z[A,A-^] 9i Z[A', A'"^] 

between schemes over Z. In particular, each Z[A, A~^] is a smallest Galois cover 
of Z. Here, Z[A,A-i] denotes Z[AU A'^]. 

Proof. It reduces to consider the affine scheme Z — Spec{A) according to the 
construction in §4.2 below. But this is trivial. □ 

4.2. A universal construction of Galois covers. In the following we will prove 
Theorem ^.l. 

Proof. (Proof of Theorem 4-1) Here we take the trick in [3]. 

From Lemma 2.3, assume that Y is essentially affine in the function field k(Y) 
without loss of generality. 

Denote by Cy the set of local charts (V, V'y , -By) such that By — Oy {V), where 
V runs through all affine open sets of Y. Let 

A{L/k{Y)) C L\fc(r) 

be a set of generators of the field L over the function field k{Y). 

Following the procedure developed in 0], we will proceed in several steps to 
construct an integral variety X = Xl and a morphism f — fh '■ — > Y . 

Step 1. For any local chart {V,^v,Bv) £ Cy, define 

Av = By [Ay] , 

i.e., the subring of L generated over By by the set 

Ay ^ {fT (w) G L : a e Gal {L/k{Y)) , w e A{L/k{Y))}. 

Then Fr {Ay) = L holds. It is seen that By is exactly the invariant subring of 
the natural action of the Galois group Gal [L/M) on Ay. 
Set 

iy : By Ay 

to be the inclusion. 

Step 2. Define the disjoint union 

E= \[ Spec{Ay). 

(V,il)v ,Bv)<^Cy 
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Then S is a topological space, where the topology rs on E is naturally determined 
by the Zariski topologies on all Spec (Ay) ■ 
Let 

Try : E ^ y 

be the projection. 

Step 3. Given an equivalence relation Rs in S in such a manner: 
For any xi,X2 G S, we say 

Xi ^ X2 

if and only if the two conditions are satisfied: 

• TTyixi) = 7ry(a;2) holds as points in Y; 

• xi and X2 are L-equivalent as afHne L-points. 

Let 
and let 

be the projection. 

It is seen that X is a topological space as a quotient of E. 
Step 4. Define a map 

/ :x->y 

by 

for each z e E. 
Step 5. Define 

Cx = {{Uv,^v, Av)}{v,-4,v.Bv)eCY 
where Uy — t^y^ {V) is an open set in X and ipv '■ Uy S'pec(Ay) is the identity 
map on Uy for each {V, ipv, By ) S Cy . 

We have an integral scheme {X, Ox) by gluing the affine schemes Spec (Av) for 
all local charts {V, ipv, By) E Cy with respect to the equivalence relation (see 

mm)- 

It is seen that Cx is a reduced affine covering of X with values in L. In particular, 
Cx is quasi-galois closed over y by /. 

By Lemma 3.5 it is seen that X and / have the desired properties. 

This completes the proof. □ 

4.3. A realization of the etale fundamental group. From Theorem 4-1 we 
have the following realization for the etale fundamental group of an arithmetic 
scheme. 

Lemma 4.5. Let X be an arithmetic variety and Q an algebraic closure of k{X). 
Then there exists an integral variety X^t and an affine surjective morphism 

fet ■ Xet X 

such that 

• k{X,t) = k{X;n)^^; 

• (Xet, fet) is a Galois cover of X in the sense of Theorem 4-1- 

Such a Galois cover {X^t, fet) will be called a universal Galois cover of X for 
the etale fundamental group wf {X, s). Here s is a geometric point of X over ft. 
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Remark 4.6. Let X be an arithmetic variety and il an algebraic closure of k{X). 
Then for any 

A„„ eS[A:(X;f])™/X], 

X[A„„] is a universal Galois cover of X for the etale fundamental group 7rf' {X, s). 
In general, there can be many distinct universal Galois covers of X for ttJ* {X, s) 
according to the calculus of Galois covers in §4.1. 

5. Formally Unramified — Arithmetically Unramified 

In this section we will prove that for an arithmetic scheme, the maximal formally 
unramified extension is equal to the maximal arithmetically unramified extension. 

At the same time, arithmetically unramified, which is defined in an evident 
manner, coincides with that in algebraic number theory and has many arithmetic 
operations and properties. Hence, via arithmetically unramified, it is seen the 
maximal formally unramified extension is exactly of an arithmetic sense. 

On the other hand, it is seen that arithmetically unramified is more accessible 
to operations (see [71[S]); it follows that arithmetically unramified extensions can 
serve as a computation of the etale fundamental group of an arithmetic variety. 

5.1. Arithmetic function fields and arithmetically unramified extensions. 
Recall that an arithmetic function field over variables ti,t2,--- ,tn is the 

fractional field of an integral domain 

^[ilj^2,-' - :tn: Sl, S2, ■ ■ ■ , Sm] 

of finite type over Z, where 

are algebraic over Q[ti,t2, ■ ■ ■ , tn] and 

^1 7 ^2 ; ' ' ' ; in ; 

are a finite number of (algebraic independent) variables over Q. 

Definition 5.1. (see [5l[7l[8]) Let K be an arithmetic function field over variables 
ii, ^2, • • • ,tn- As in algebraic number theory, put 

• ^[ti.t2,--- ,tn]K — the subring of elements x ^ K that are integral over the 
integral domain Z[ti, t2, ■ ■ ■ ,tn\. 
The ring 0[t-^ t^ ... t„]K is said to be the ring of algebraic integers of K over 
variables ti, ^2, • • • , ^n- 

It is easily seen that K — Fr{OK) holds. Sometimes, we will write 

Ok = C[ti,t2,--,tn]if 

for brevity. 

Let K and L be two arithmetic function fields over variables ti,t2, - ■ ■ ,tn- We 
say 

(L,Oi) D {K,Ok) 
if and only if there are the properties 

D L D iC; 
Ol 2 Ok 2 Z[ii,t2,--- ,t„]. 
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Definition 5.2. (see [3 [7j |8]) Let L D K he any two arithmetic function fields 
over variables ti,t2,--- ,tn- The field L is arithmetically unramified over K 
(relative to variables ti,t2, - ■ ■ , in) if for the pairs (L, Ol) 12 {K, Ok), the affine 
scheme Spec{OL) is unramified over Spec{OK) by the morphism induced from the 
inclusion map K ^ L. 

It is clear that the arithmetically unramified extensions coincide exactly with 
those in algebraic number theory (for instance, see (141). 

Lemma 5.3. (see [5l[7l|8]) The arithmetically unramified extension is independent 
of the ehoice of variables ti,t2, - ■ ■ ,tn. 

Proof. It is immediate from operations on arithmetically unramified extensions in 
§5.2 below. □ 

5.2. Operations on arithmetically unramified extensions. As in algebraic 
number theory, we have several operations on arithmetically unramified extensions 
such as base changes, composites, subfields, and transitivity. 

Let K C L C M he arithmetic function fields over variables ti,t2, - ■ ■ ,tn- We 
have the following lemmas from preliminary facts on unramified morphisms and 
etale morphisms between schemes (see [9l ITl ] [T5 l [18]). 

Lemma 5.4. (see [5l[7l|8]) Let L/K and M/L be arithmetically unramified. Then 
so is M/L. 

Lemma 5.5. (see [SI [7l |8]) Let L be arithmetically unramified over K . Take a 
subfield L C Lq C K. Then L/Lq and Lq/K are arithmetically unramified. 

Lemma 5.6. (see [Sl[71[5]) Let Li and L2 be two arithmetic function fields over 
variables ti,t2,-- ■ ,tn. Suppose that Li and L2 are arithmetically unramified over 
K, respectively. Then the composite Li-L2 of fields is also arithmetically unramified 
over K . 

Lemma 5.7. (see [5l[7l[8]) Let K' 1^ K be an arithmetic function field over vari- 
ables ii,t2, • • • ,tn. Suppose that L is arithmetically unramified over K. Then the 
composite L' — L ■ K' of fields is also arithmetically unramified over K' . 

5.3. The msLximal formally unramified extension is nothing other than 
the maximal arithmetically unramified extension. Now take the maximal 
arithmetically unramified extension of an arithmetic variety as one does in algebraic 
number theory, which will be proved to be equal to the maximal formally unramified 
extension of the arithmetic variety. 

Let L he an arithmetic function field over variables ti,t2, • ■ • ,tn. Let he an 
algebraic closure of L. 
Put 

• [L] (il)"" = the set of all finite arithmetically unramified subextensions of 
L contained in Q. 

• (L;ri)°" = lim_j.^gjj^j|j^j„„ Xz{Z), i.e., the direct limit of the direct system 
of rings indexed by [L] (f])°", where each Xz : Z e [L] (fi)°" n is the 
L-embedding, 

where [L; is taken as a directed set defined by set inclusion. 

The subfield (L; of fl is called the msLximal arithmetically unramified 
extension of i in fi. 

Write 
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• = {k{X);n)°'" for an arithmetic variety X and an algebraic 

closure of the function field k{X). 

Lemma 5.8. (see O [71 [8]) Let [L] (ri)o" be the set of all finite arithmetically 
unramified Galois suhextensions of L contained in 51. Then we have 

(L;ll)'^" = lim^,,j,,,,g„ Xz{Z). 
Moreover, (i; 51)"" is an algebraic Galois extension of L. 

Proof. It is immediate from the preliminary fact that [L] (51)f5" is a cofinal directed 
subset of [i] (rj)"^". □ 

Fortunately there exists the following lemma which says that for an arithmetic 
variety, the maximal arithmetically unramfied extension is equal to the maximal 
formally ramified extension. 

Lemma 5.9. Let X be an arithmetic variety and let D, be an algebraic closure of 
the function field k{X). Then we have 

fc(X;ll)™ = fc(X;51)"" 

as subfields of fl. 

Proof. Let L = k{X). As L is an arithmetic function field over several variables, 
consider the ring 0l of algebraic integers of L. We have 

L = k{Spec{OL)] 

then 

iL;nr^ = {k{Spec{OL));nr". 
To prove the lemma, it suffices to prove 

{k{spec{OL));nr'' = mnr" 

holds. 

In deed, we have 

(i;fl)"" = lim^,^,,j,„,g„ Xz{Z); 
{k{SpeciO,)y,nr = lim^^^j^_^^^,^^,^^Ax(fc(X)). 
On the other hand, put 

j: = {k{X) \ X e [Spec{OL);n]J. 

Then S is a directed set, where the partial order is given by set inclusion. 

As Spec{OL) is a normal scheme, it is easily seen that each X e [Spec{OL)', 51]et 
is normal from preliminary facts on etale covers (see [11] [TSl [H] ) . It follows that 
[L] (51)5" is a cofinal directed subset of E. 

Hence, 

(fc(5pec(0i));51)™ 

= lim^ r , Ax(fc(^)) 

= lim^zei:Az(^) 

= l™^ze[i,l(Q)8" ^z{Z) 

= (L;51)°". 

This completes the proof. □ 

By Lemma 5.9 we have such a computation of the etale fundamental group of 
an arithmetic variety. 
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Remark 5.10. For any arithmetic variety X, there is an isomorphism 

Trf {X, s) ^ Gal {k{X; (X)) 

of groups in a natural manner. Here, s is a geometric point of X over an algebraic 
closure ft of the function field k{X). 

6. Proof of the Main Theorem 

6.1. Recalling the etale fundamental group. Fixed a connected scheme By 
a finite etale cover of Z we understand a scheme that is finite and etale over Z 
by a surjective morphism. Denote by 

Fet [Z] 

the set of all finite etale covers of Z. 

Fixed a geometric point s of Z over a given separable closure Q, oi k (Z). There 
is a fiber functor Fibs on Fet [Z] given by 

Fibs {Y) :^sp{Y xz Spec (fi)) 

for any Y S Fet [Z] . Here sp (W) denotes the underlying space of a scheme W. 

Then the etale fundamental group of Z over s, denoted by irf* {Z; s) , is 
defined to be the group of automorphisms of the fiber functor Fibs over Z. See 
[HI [m H] for details. 

Let y be a finite etale cover of Z by a morphism / and let t be a geometric point 
of Y over s with s — f ot. Then (Y, t) is said to be a pointed finite etale cover 
of {Z, s) . 

Remark 6.1. Let Fet [Z; Q] denote the set of pointed finite etale covers of {Z, s) . 
For any {Yi,ti) , (Fa, ^2) e Fet [Z; n] , we say (Yi, ^i) < (Fa, ^2) if and only if {Y2, ^2) 
is a pointed finite etale cover of (Yi, ii) . Then Fet [Z; il] is a directed set with < . 

Remark 6.2. There is an isomorphism 

Trf (Z; s) = lim Aut {Y/Z) 

(Y,t)eFet[Z;n] 

as inverse limits of inverse systems of groups. 

In practice, we usually use finite etale Galois covers to compute the inverse 
limit, i.e., the etale fundamental group. Recall that (Y, t) e Fet [Z; ft] is said to be 
a finite etale Galois cover of {Z,s) if Y is connected and ^Aut (Y/Z) is equal 
to ^Fibs (Y) . It is seen that ^Aut (Y/Z) and #Fi&s (Y) are equal if and only if 
Aut {Y/Z) induces a transitive action on Fibs (Y) (see [TTl [T5l [18] ). 

Let [X] ri]*( be the set of finite etale Galois covers of (Z, s) , where any two 
(Yi, ti) , (Y2, ^2) G [X\ r2]*j are identified with each other if there is an isomorphism 
of (Yi,ti) onto (Y2,t2) over {Z,s) . 

Remark 6.3. As a directed set, [X] fi]*^ is isomorphic to a cofinal subset of 
Fet [Z- Vl] . 

Remark 6.4. There are isomorphisms 

Trf {Z; s) = lim Aut (Y/Z) = lim Aut (Y/Z) 

<- {Y,t)<EFet[Z;fl] ^ {Y,t)e[X;n]l^ 

as inverse limits of inverse systems of groups. 
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6.2. A preliminary fact. Now let X be an arithmetie variety. It is seen that X 
is connected since an irreducible space must be connected. Let s be a geometric 
point of X over a given separable closure £7 of fc {X). As introduced in §1, [A; 0]^^ 
consists of elements (F, y) G [A; fi]*^ such that Y is irreducible. Then we have 

as a subset. 

Lemma 6.5. Every finite etale Galois cover of an arithmetic variety is irreducible. 
That is, for any arithmetic variety X, we have 

[A;f2]; = [A;0^. 

Proof. Let {Y,y) e [A;f2]*j . By taking a section of Y over A, it is seen that the 
underling spaces 

sp{X)^sp{Y) 

are homeomorphic since A and Y are connected. As A is irreducible, Y must be 
irreducible. □ 

6.3. Proof of the main theorem. Now we can prove Theorem 1.1. 

Proof. (Proof of Theorem 1.1) Let fl be an algebraic closure of the function 
field A; (A). By Lemma 2.3, assume that A is essentially afiine in O without loss of 
generality. For brevity, write 

A;(A)"" = A;(A;n)"". 

Let A C fc(A)"" \ k (A) be a set of generators of the field A;(A)"" over fc(A). 
Put 

/ = {finite subsets of A}; 

G = GaZ(fc(A)™/fc(A)). 

We will proceed in several steps in the following. 

Step 1. As in §4.1, for A and G we have an integral variety 

A^" = A[A] 

and a surjective morphism 

/oo : A™ ^ A 

such that 

. fc(A»") = fc(Ar; 

• A™ is Galois over A by foo', 

• A™ is essentially affine in k (A; s)"" C Q. 

Step 2. Let a £ I. Likewise, for a and Ga = Gal{k{X)[a]/ k{X)) we have an 
integral variety 

Xr = X[a] 

and a surjective morphism 



f ■ Y"" 



satisfying the properties: 

• A: (A™) C fc(A)""; 

• A^" is Galois over A by /„; 

• A«" is essentially aflane in k (A^"). 
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Step 3. Fixed any a C /3 in /. We have integral varieties X^" and X™ and a 
surj active morphism 

la ■ ^ii 

of finite type, where is obtained as in §4.2 in a natural manner and satisfies the 
property 

Then we have Galois covers 

X}^/X- 

Xun / v-un 
/3 l^a ■ 

As A is an infinite set, there is a 7 in 7 such that 

7 2 CK, 7 3 /3. 

In particular, 
and 

are both Galois covers. 

Step 4. For any a, /3 € /, we say a < ^ if and only if a C ^. Then with <, / is 
a partially ordered set. 

We have a direct system 

of rings, where each 

is a homomorphism of fields induced by the morphism 
For the fields, we have 

fc(^™)=lim k{XT). 





Gal (fc (X™) Ik (X)) ^ lim Gal (k (X™) jk (X)) . 
*■ — ae/ 



For the Galois groups, we have 
C 

Step 5. Put 

{XM^, = {Xl-:cx^I}. 
For any X«", G [X; Vl\^ , we say 

if and only if X|" is Galois over X^". 

Then [X; fi]^^ is a directed set, where two elements Y,Zg [X; fl]^^ are identified 
with each other if they are isomorphic over X as schemes. 

Consider [X; ^],,^, the set of finite ctale Galois covers of X with geometric points 
over sj, where two elements Y,Z€ [X;^]^^ are identified with each other if they 
are isomorphic over X as schemes. 

Without loss of generality, in the remainder of the paper, every Xq, G [X; Ct]^^ is 
assumed to be essentially affinc in the function field k{Xa) from Lemma 2.3. 

For any X„,X;3 e [X; O]^^, we say 

X„ < Xfl 
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if and only if Xf; is a finite etale Galois cover over Xa- It follows that [X; flj^^ is a 
directed set. 

It is easily seen that [X-.n]^^ is a directed subset of 
Step 6. Prove is cofinal in [X;r2]g^. 

In deed, according to Step 5, we have two inverse systems of groups 

{Aut{Y/X):Ye[X;n]J; 

{Aut{Z/X):Ze[X;n]J. 

Denote by 

V:[X;ni,-^[X;n]^^ 
the inclusion map of the sets. Then r] induces a map 

7]* : {Aut{Y/X) : Y G [X;0]^J ^ {Aut{Z/X) : Z e 
of inverse systems of groups, given by 

Aut(Y/X) ^ Aut(Y/X). 

It is clear that 77* is injective. 

On the other hand, take any Z € It is seen that k{Z) is a finite 

Galois extension of k{X). As a subfield of k{Z) must be or contained in a 

finite etale Galois extension k{Z') of k{X) with Z' € [X;rj]gj by Lemma 5.9 and 
according to the operations on arithmetically unramified extensions in §5.2. 

For Z', we have two cases: 

Case (i). Let k{Z) = k{Z'). Then we have 

Aut{Z'/X) = Aut{Z/X). 

In such a case, we put 

Z* = Z'. 

Case (ii). Let k{Z) ^ k{Z'). Then k{Z') is a Galois extension of k{Z) and 
there \s a Z* &[X] fi]^^ such that 

Z* > Z] 
k{Z*)=k{Z')- 

Aut{Z*/X) ^ Gal{k{Z')/k{X)) ^ Aut{Z'/X). 

Now define 

[X;n];^ = {Z* :Ze[X;n]^J 

where each Z* is given in the manner of the two cases above. 
As a directed subset, we have 

[X;n];c[X;f2],,. 

It is seen that [X;ri]gj is cofinal in [X;{1]*^^ and [X;{1]*^^ is cofinal in 
Hence, [X; fl]^^ is cofinal in [X; ft] ■ 
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Step 7. As the inverse limits are isomorphic for inverse systems of groups 
indexed by cofinal directed sets, we have 

< iX,s) 

= \im^ ZG[X;Q]^^Aut (Z/X) 

^l\m^,^,,.,,,^^Gal {k{Z)/k{X)) 
= lim^^^^ Gal {k{X^'')/kiX)) 
^Gal{k{X:^)/k{X)) 
= Gal{k{X;n)'^" /kiX)). 

This completes the proof. □ 
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